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Abstract

A large empirical literature performs regressions of outcomes on empirical
Bayes shrinkage value-added estimates, yet little is known about whether this
approach leads to valid inference. We study a general class of value-added es-
timators and the properties of the resulting regression coefficients. We show
that inference can be invalid if the shrinkage estimator does not account for
heteroskedasticity in the underlying noise. By contrast, shrinkage estimators
properly constructed to model this heteroskedasticity perform an automatic
bias correction: the associated regression estimator is asymptotically unbiased,
asymptotically normal, and efficient in the sense that it is asymptotically equiv-
alent to regressing on the true (latent) value-added. Further, OLS standard
errors from regressing on shrinkage estimates are consistent in this case. As
such, efficient inference is easy for practitioners to implement: simply regress

outcomes on properly constructed shrinkage estimates of value-added.
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1 Introduction

Empirical Bayes shrinkage estimators are widely applied in settings with a large
number of latent individual effects observed via noisy measurements. Economic
applications include the study of teachers’ value-added to student test scores (e.g.
Chetty, Friedman, and Rockoff, 2014a,b), location effects (e.g. Chetty and Hendren,
2018), hospital quality (e.g. Hull, 2018), nursing home quality (e.g. Einav, Finkelstein,
and Mahoney, 2025), firm-level discrimination (e.g. Kline, Rose, and Walters, 2022),
among others. In many of these settings, the shrinkage estimates are not the final
object, but instead serve as inputs to downstream analyses. A typical downstream
use is to regress other variables of economic interest on the individual effects.

It is common for researchers to treat the shrinkage estimates as if they were
true individual effects and conduct conventional inference in the downstream regres-
sion. This approach implicitly assumes the property of automatic inference, i.e.,
no adjustment is required to achieve nominal coverage rates of confidence intervals.
However, the shrinkage estimates generally differ from the true effects, introducing
measurement-error concerns. Moreover, they are constructed as first-stage estimates,
raising the possibility of generated-regressor issues (Pagan, 1984). Thus, there may
be threats to the validity of both the estimator (via measurement error bias), and the
inference (via incorrect standard errors).

In empirical applications, various linear shrinkage estimators have been used as
regressors, complicating the properties of the resulting downstream regression. A
leading example is the literature studying how teachers’ value-added for test scores
impacts students’ future outcomes. Based on students’ test scores as measurements,
shrinkage estimates are constructed as a weighted average of each teacher’s individual
mean score and all teachers’ pooled mean score. Most studies employ individualized
shrinkage, where noisier estimates (e.g., from smaller classes) are shrunk more aggres-
sively toward the pooled mean. Similar empirical work includes Jacob and Lefgren
(2007), Jacob and Lefgren (2008), Kane and Staiger (2008), Chandra, Finkelstein,
Sacarny, and Syverson (2016), Jackson (2018), Abdulkadiroglu, Pathak, Schellenberg,
and Walters (2020), Bau and Das (2020), Biasi and Sarsons (2022), Warnick, Light,
and Yim (2024), Andrabi, Bau, Das, and Khwaja (2025), and Angelova, Dobbie, and
Yang (2025). This individualized shrinkage differs from equal shrinkage approaches,
such as Chetty et al. (2014a,b), which apply a uniform shrinkage rule to all units.



However, the theoretical impact of these different shrinkage schemes on the validity
and efficiency of downstream inference remains unclear.

This paper is the first to formalize such impact of different shrinkage schemes
on the properties of downstream regressions, and to characterize when automatic in-
ference does or does not obtain. We focus on linear shrinkage estimators, which are
widely used in practice due to their simplicity and ease of implementation. We de-
velop a general econometric framework for analyzing a broad class of individualized
shrinkage estimators as regressors. These estimators are weighted averages whose
weights reflect signal-to-noise ratios estimated from the data. They can be classified
as individual-weight (individualized shrinkage) or common-weight (equal shrinkage).
Our central finding demonstrates that automatic inference hinges on the treatment of
heteroskedastic measurement error. We show that failing to account for heteroskedas-
ticity in the shrinkage weights leads to inwvalid downstream inference, with coverage
rates from conventional confidence intervals below nominal coverage. By contrast,
automatic inference obtains if the weights properly account for this heteroskedas-
ticity. In this case, the conventional confidence intervals achieve nominal coverage
without further correction, and the resulting downstream coefficient estimator is ef-
ficient, being asymptotically equivalent to the infeasible OLS regression on the true
latent effects.

Many empirical implementations model heteroskedastic measurement error solely
by the number of measurements per individual, e.g., class sizes. Yet idiosyncratic noise
variances may also differ across individuals. We show that accounting only for hetero-
geneity in the number of measurements can yield invalid inference if noise variances
are correlated with the number of measurements. This is because the individualized
adjustments are improper. It introduces a non-classical measurement error problem,
where the bias can be amplification rather than attenuation. Inference remains valid
when the two sources of heterogeneity are independent. Incorporating both sources
ensures robustness to such dependence and achieves efficiency for the downstream
regression coefficient.

Accordingly, our analysis provides straightforward practical guidance for imple-
mentation. In the teacher value-added example, the weights may vary across teachers
and are determined by the estimated signal-to-noise ratio. Components of the ratio
are estimated by within- and across-teacher variances. In predicting long-run out-

comes as a function of latent value-added, we simply regress the outcomes on these



shrinkage estimates. From the reported results, conventional OLS standard errors
and confidence intervals are valid for inference.

Our results do not impose distributional specifications and have a clear intuition.
Linear shrinkage estimators are the empirical Bayes posterior mean under normality
of both the measurement error and the latent individual effect (Efron and Morris,
1973; Morris, 1983). However, while the functional form of shrinkage is derived under
normality, we study regressions in a semiparametric context and none of our results
rely on normality. The overall intuition is as follows. In the presence of noise, it
is well known that regressions on unshrunk individual means suffer from a classical
measurement error problem. Shrinkage estimators reduce the variability of the es-
timated individual effects and thereby offset the variance inflation that comes from
noise. What is not clear is whether they offset it by just the right amount, so that
coefficient estimates are asymptotically unbiased and inference is valid. We show that
for some scenarios this is the case, while for others it is not.

To formalize our analysis, we present results for baseline methods and for individual-
weight shrinkage estimators. We first restate the established baseline result that the
unshrunk individual mean suffers from classical errors-in-variables attenuation bias
and yields invalid inference when used as a downstream regressor. We then show our
main results on individual-weight shrinkage. First, we delineate the precise conditions
under which inference fails, even when heterogeneity in the number of measurements
is accounted for. Second, we establish how a properly constructed, fully individualized
shrinkage estimator achieves asymptotic efficiency and inferential validity. Finally, we
analyze the common-weight estimator as a point of comparison. Because of its close
connection to conventional bias-correction methods, this estimator also addresses the
inference problem. It provides a useful benchmark for our primary results on the
more empirically prevalent individual-weight approach. While our focus as been on
individual-weight shrinkage that assumes (as is standard) independence between in-
dividual effects and variance of measurement error, recent work has derived empirical
Bayes estimators allowing such dependence. In on-going work, we extend our anal-
ysis to this new class of estimators and show that they also yield valid downstream
inference.

We conduct Monte Carlo simulations to demonstrate the finite-sample perfor-
mance of the different shrinkage estimators when used as regressors. The results

confirm our asymptotic theory. The unshrunk individual means yield substantial at-



tenuation bias and under-coverage of confidence intervals. Individual-weight shrink-
age that accounts only for heterogeneity in the number of measurements can also
lead to bias and under-coverage when noise variances are correlated with the num-
ber of measurements. In contrast, heteroskedastic individual-weight shrinkage that
accounts for both sources of heterogeneity yields valid coverage, and achieves very
close performance to regressing on the true latent individual effects. Common-weight
shrinkage also performs well, but is outperformed by heteroskedastic individual-weight
shrinkage in finite samples when the sample size is moderate.

We illustrate our results using two empirical applications. The first is the method
using the firm discrimination data of Kline et al. (2022) and the second is the school
value-added data of Andrabi et al. (2025). In the first application, we consider a
regression of future discrimination levels on estimated discrimination at the firm level.
We find that individual-weight heteroskedastic shrinkage yields confidence intervals
more strongly support a positive predictive effect. In the second application, we
regress private school fees on school value-added estimates. We find that individual-
weight heteroskedastic shrinkage produces slightly different confidence intervals when
used as regressors, and it reaffirms the positive effect of school value-added on private

school fees.

Related Literature This paper relates to the literature that focuses on common-
weight shrinkage, which is discussed in the earliest work to use shrinkage estimators
as downstream regressors. Regressing on common-weight shrinkage estimators can be
traced back to Whittemore (1989), who demonstrates via simulations that common-
weight shrinkage yields consistent downstream coefficients. That paper also points
out informally its equivalence to bias-correction methods. Building on this insight,
Guo and Ghosh (2012) provide theoretical justifications regarding the quadratic risk
reduction of such estimators for downstream coefficients. Chetty et al. (2014a,b)
construct common-weight shrinkage estimators based on the best linear predictor,
emphasizing that the estimator is bias-free when used as the regressor. Their esti-
mator can be viewed as equivalent to IV methods, and we unify this IV perspective
along with the bias-correction perspective of common-weight shrinkage in Section 3.5.
Deeb (2021) further exploits the equivalence to IV methods and develops inference
results for Chetty et al. (2014a,b)’s estimator, highlighting the need to adjust con-

ventional OLS standard errors to account for errors in estimation of individual effects



and nuisance parameters. While this line of work clarifies inference in the common-
weight shrinkage setting, it essentially relies on the equivalence to IV and does not
extend to individual-weight shrinkage. These results are not applicable to the study
of individual-weight shrinkage, which we study.

We formalize and extend prior work on individual-weight shrinkage. Consis-
tency of regression estimators based on individual-weight shrinkage has been briefly
discussed in Jacob and Lefgren (2007), Kane and Staiger (2008), Abdulkadiroglu
et al. (2020), Walters (2024), and Andrabi et al. (2025). In particular, Walters (2024)
highlights independence between individual effects and the variance of the noise as
a necessary condition for using the simple shrinkage strategies. Beyond such con-
sistency results, there is no general framework investigating the validity of inference
and standard errors for individual-weight downstream regressions. We show that
valid inference depends critically on how heteroskedasticity is treated in the shrink-
age weights. We establish asymptotic unbiasedness, asymptotic normality, and con-
sistency of standard errors for the downstream regression estimator based on properly
constructed individual-weight shrinkage.

This paper is also related to non-shrinkage options for various downstream mod-
els. Chang, Huang, Chen, and Liao (2024) leverage information from the estimated
prior to develop correction methods for nonlinear downstream models. For regres-
sions, this literature strand is largely concerned with bias-correction. As noted, this
category includes common-weight shrinkage given its equivalence to such methods.
Kline, Saggio, and Se¢lvsten (2020) and Bonhomme and Denis (2024) emphasize cor-
rect estimation of moments for value-added that generates correct regression estimates
as a component. Chen, Gu, and Kwon (2025) show that standard bias-correction
methods for the downstream regression remain consistent even if the individual ef-
fects and measurement error are correlated. We contribute to this literature by estab-
lishing conditions under which conventional shrinkage estimators yield valid inference
for downstream regressions when individual effects and noise are independent. In

ongoing work, we extend the analysis to this correlated case.

Outline This paper proceeds as follows. Section 2 introduces the framework and
its implications. Section 3 discusses a broad class of shrinkage estimators, estab-
lishes asymptotic normality, consistency of standard errors, and discusses the validity

of standard inference approaches. It also provides some practical implementation



guidelines. Section 4 reports Monte Carlo simulations illustrating the finite-sample
properties of the estimators. These results reinforce out main findings that properly
constructed individualized shrinkage estimators yield valid inference, while improp-
erly constructed ones can fail. Section 5 revisits the study of Kline et al. (2022) to
labor market discrimination. Section 6 revisits the study of Andrabi et al. (2025) to
school value-added. Finally, Section 7 concludes. An appendix contains the additional

lemmas, proofs, and extensions.

2 Setup

2.1 Model

Each unit 7 is associated with a latent individual effect 6;, which we will refer to in
what follows as value-added. Let 0 := (6;)!"_, denote the vector of these latent effects
for the n sampled units. A large body of research studies the relationship between
value-added #; and some outcome of economic interest Y;. To fix ideas, consider the
example of Kane and Staiger (2008). In that paper, 6; is teacher i’s latent value-
added for students’ test scores, and Y; is the average long-term test score outcome of

students taught by teacher ¢. The relationship is studied using the regression model
Y = o+ B0; + wi, (1)

where the coefficient § captures the downstream effect. It is assumed that the error
term u; has mean zero and is uncorrelated with 6;, E [u;0;] = 0. One may be interested
in how the effect on short-term test scores translates to long-term outcomes—such as
college attendance or earnings—through the regression inference on f.

Inference on [ faces the challenge that 6 is unobserved, so the parameter of
interest 5 cannot be estimated by regressing Y; on 6;. Instead, for each unit ¢ we only
have data (Y;, X;) = (Y, Xi1,.... Xis), ¢ = 1,...,n, where Y; is the outcome, X ; is
the measurement of 6;, and J; is the numebr of observations available for estimating

0;. Specifically, X; € R’ are noisy repeated measurements for 6; from the model
Xij=0;+ ¢, (2)

where ¢; ; is the noise term. Within the example, X, ; is the short-term test score



outcome of student j taught by teacher . The individual mean score is denoted by
X, and the pooled mean score by X. In this paper, we primarily focus on the case
where the noise is independent of the value-added, i.e. € ; 1L ;. We also assume the
noise is independent of the structural error u;, i.e. € ; 1L u;. Before proceeding, we

discuss how the observation-specific sample size J; relates to n.

2.2 Asymptotic Framework

As is standard, empirical Bayes shrinkage estimators of @ are used as the regressor.
2

It is commonly assumed that X; | 6; ~ N(6;,02/J;) in empirical Bayes, where o?
is the variance of noise ¢; ;. Without distributional knowledge about the noise, the
normality of X; is typically justified by the central limit theorem with .J; reasonably
large (Walters, 2024). It is therefore logically consistent to adopt a framework where
both J; and n are “large” in a suitable sense. In the teacher value-added example, J;
often has a similar magnitude to /n, with the number of teachers in the thousands
and the number of students per teacher in the tens. For example, in the study of North
Carolina data in Deeb (2021), the total number of teachers n = 5266, and the total
number of students is 388,191, so we would expect J; is on average about 74, which is
comparable to /n & 73. In another example from Bau and Das (2020), /n ~ 39 and
J; is on average about 15. The measurement error in 6; is proportional to Ji’1 whereas
the sampling error for estimation of 3 in (1) is proportional to n~/2. We therefore
adopt a framework so that both are of a similar magnitude. In finite samples, both
sources of measurement error are present. The framework we adopt ensures both
sources are present asymptotically, so that the asymptotic distributions we derive
give useful approximations to the finite-sample problem faced by the researcher.

To formalize the idea, we consider the following asymptotic framework. As n —

+00, the DGP of the other variables are fixed, but for J; we shall assume

N0 H ke [0,+00), )
1

VA M S (4)

Note that if we have the same number of measurements, J; = J, then (4) is implied by
(3). Thus (3) is the essential condition, under which the asymptotic problem minics

the finite sample problem. The product /nE [J;l] quantifies the relative scale of

8



measurement, error to sampling error in 8. When x = 0, J; grows asymptotically
much larger than /n, implying that measurement error in 6; is negligible for the
purpose of inference in the regression. When s > 0, measurement error in 6; is of a
similar order to the sampling error. In the previous two application examples, we have
k1~ 73/74 ~ 1, and ky ~ 39/15 =~ 2.6." A finite positive x thus seems appropriate
for the context in which tens of students and thousands of teachers coexist.

Our asymptotic framework is s related to the small-variance approximation in
Chesher (1991) and Evdokimov and Zeleneev (2019, 2023). It is also standard in
settings with both cross-sectional and individual specific datasets, such as large N, T’
panels (Pesaran, 2006), factor augmented regressions (Gongalves and Perron, 2014),
and unstructured data (Battaglia, Christensen, Hansen, and Sacher, 2024).

As we will show in Section 3.1, this asymptotic framework implies that simply
regressing Y; on X; without further adjustment yields invalid inference.

The primary implication of this framework is that the measurement error in X;
does not vanish relative to the sampling error for 5. This persistence of measurement
error is the central econometric challenge we address. As we will show in Section 3.1,
this asymptotic setup confirms that the naive unshrunk estimator (simply regressing
Y, on Xi) suffers from classical errors-in-variables bias and yields invalid inference.

This failure provides the necessary baseline and motivation for the rest of the paper.

3 Shrinkage Estimators as Regressors

In this section, we analyze the inferential properties of different shrinkage estimators
when used as downstream regressors. We follow the standard two-step workflow
in empirical work: Step 1: Estimate value-added 6#; with a shrinkage estimator 0;;
Step 2: Regress Y; on f; and report conventional OLS estimates, standard errors
and confidence intervals. Our interest is on the validity of inference in Step 2 when
different shrinkage estimators are used in Step 1.

We consider four primary classes of estimators for 6, which we analyze in the
order of our main results. For each class, we derive the asymptotic distribution of
the OLS estimator of § in the downstream regression. In Section 3.1, we begin

with the unshrunk fixed-effect (FE) estimator X; as a baseline. We then move on

!These approximations are lower bounds, because Jensen’s inequality produces a larger value if
J; varies across 1



to individual-weight shrinkage. We distinguish between two forms: homoskedastic
individual-weight shrinkage (HO), which models heterogeneity in measurement preci-
sion solely by the number of measurements (.J;), and heteroskedastic individual-weight
shrinkage (HE), which incorporates both sources of heterogeneity by also modeling
idiosyncratic noise variances. We study homoskedastic individual-weight shrinkage in
Section 3.2 and heteroskedastic individual-weight shrinkage in Section 3.3. Finally,
as a benchmark, we analyse common-weight shrinkage (CW), which applies a single,

uniform weight across units.

3.1 Fixed Effects (FE)

As a baseline, we first discuss using the fixed-effect estimator (FE) with no shrinkage.
In this estimator, unit value-added for unit ¢ is simply estimated by the individual
average: élFE =X, fori=1,..n.

As we show formally below, using X; as a regressor suffers from the classical
errors-in-variable (EIV) problem, leading to attenuation bias. This bias shifts the
location of standard OLS confidence intervals for § away from the truth, rendering
them invalid for inference. Before formally present the result, we fist state and discuss

assumptions that are needed for the asymptotic properties.
Assumption 3.1. 1. J; is independent of 0;, u; and €;;, and J; > 3, a.s.

3. Ele;|o?]=0,E[e;|o}] =02, E []ei,j\L | 0?} < Kok, for some L > 3. Also,
€ AL 0;.

4. u; 1L ei,j‘ei.

5. E[0}] < oo.

6. E[0}%] < oo.

7. nE [J7] = K, K € [0,400).

8. \/iE [J7?] - 0.

Assumption 3.1.1 assumes independent numbers of measurements .J;. In Ap-

pendix D, the condition will be relaxed and allow dependence between J; and o?,

10



accompanied by slightly stronger assumptions than Assumption 3.1.7 and Assump-
tion 3.1.8. We keep the independence for the ease of exposition. Assumption 3.1.2
imposes unconditional exogeneity of the true 6; and u;, and moment conditions on Y;.

Assumption 3.1.3 places moment conditions on the noise ¢; ;. The moment condi-
tions are general and cover a wide range of distributions for ¢; ;/o;, including normal,
bounded, and even some asymmetric distributions. Thus, while normality of X; is
assumed to derive the functional form of parametric empirical Bayes estimators, the
inference results we derive do not require any normality assumption. Independence
€;,; L 0; is standard in empirical Bayes literature to justify shrinkage estimators with-
out covariates. Assumption 3.1.4 excludes further effect from measurement errors to
Y; conditional on 6;. Assumption 3.1.5 and Assumption 3.1.6 are standard asymptotic
conditions that are possible to be relaxed with more technical arguments.

Denote by BFE the OLS estimator from Y; regressed on HAZFE The problem of

invalid inference is established by the following result.

Proposition 3.1. Suppose Assumption 3.1 holds. Then we have

. E[0?] E[u?(0;—E[6:])"]
vn (/BFE - 5) —a N (_/%Var (0:) (Var (0:))" ) |

The proposition’s result holds even without Assumption 3.1.8. In the special
case where k£ = 0 (meaning measurement error is asymptotically negligible), the bias
term disappears, the asymptotic distribution of \/n <BFE — 5) is centered at zero,
and standard inference would be valid. In our primary framework with x > 0, BFE
remains consistent and attains the efficient asymptotic variance. However, its asymp-
totic distribution is centered at a biased value due to the attenuation EIV problem.
Supposing the standard regression output reports the standard error SE(BFE) cal-
culated in the usual way, a confidence interval constructed in the following (e.g.,
Brg +1.96 x SE(BFE)) will fail to cover the true  at the nominal rate. Therefore, de-
spite accommodating large J;, the persistent measurement error renders conventional
OLS inference misleading for HAZFE

As a result, the unshrunk Opp fails to provide valid plug-in inference in Step 2.
This failure of the baseline estimator motivates the need for the shrinkage methods

we analyse next.
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3.2 Homoskedastic Individual-Weight Shrinkage (HO)

In this subsection, we discuss the individual-weight shrinkage when the variance of
X is believed to only depend on the number of measurements J;, i.e. Var (XZ- | 91') =
02/ J;. We refer to this case as homoskedastic individual-weight shrinkage (HO), since
€;,; 1s homoskedastic across 7. Here the primary source of heteroskedasticity is believed
to arise from variation in the number of measurements, which must therefore be taken
into account.

Following the standard implementation of the method in, e.g., Jacob and Lefgren
(2007) and Kane and Staiger (2008), the estimator of 6 is constructed as

where

— _ —

OA'g = Cov (Xiﬂg, Xi,t—l) .

The estimator is the empirical Bayes posterior mean under normality of 6; and ¢; ;.

The weight w; no is obtained by replacing the oracle shrinkage weight

Var(6;)
Var(X;; | 0;)/J; + Var(6;)

with its empirical counterparts.

Since our setting does not involve time periods, )_(i,t, Xi,tfl can be interpreted
as splitting the measurements for each ¢ into two subsets and computing their aver-
ages. Note that 6% is applied uniformly across units, with variation in .J; reflecting
differences in measurement precision.

If homoskedasticity holds, this method is expected to correctly model the signal-
to-noise ratio. Indeed, as we show below in Proposition 3.2, homoskedasticity ensures
that regressing Y; on éz’,HO yields asymptotic unbiasedness and valid inference on /.

If the true DGP is heteroskedastic, however, there would be problems in inference
when homoskedastic weights are applied. Denoting the variance of X; | ; by ¢2/J;,

regressing Y; on 0, 5o will lead to invalid inference on 3 in some heteroskedastic cases.
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A leading case is when the number of measurements J; is correlated with the variance

o?. In that case, it is natural to have J; endogenously increased for observations with

2

large o7, and then the downstream regression generates asymptotically biased OLS

estimates. The following result substantiates this claim, with details and proofs in
Appendix D.

1
Js

k3

Proposition 3.2. Suppose the asymptotic framework satisfies n/*E [ 3] — k3. If
we allow correlation between J; and o, then under Assumption D.1 and D.2, there
exist DGPs with ~v > 0 in which

(2

(Var (90)2

ﬁ(BHO_ﬁ> —d N(’Yﬁ,E )-

If instead J; and o? are independent, then

E [u? (6; — E[6:]))°]

2

(Var (91))2

Vn (BHO - 5) —q N(0, )-

Here, the condition n®?E [J%S] — k3 is generally stronger than (3) and (4),
though only mildly so. They are equivalent if we have constant J;. When homoskedas-
ticity holds, independence holds and we have the asymptotic unbiasedness discussed
above.

The result in Proposition 3.2 clarifies the conditions required for the HO estima-

tor to yield valid inference. While inference is valid if the homoskedasticity assump-
2

to violations of these conditions. As « > 0 in the bias term, the asymptotic bias is

tion holds or if J; and o; are independent, the estimator’s performance is sensitive
amplification instead of classical EIV attenuation bias. Generally, the sign of the bias
depends on the dependence of J; and o?. It motivates the heteroskedastic estimator

we consider next, which is designed to be robust to such dependence.

3.3 Heteroskedastic Individual-Weight Shrinkage (HE)

In this subsection, we discuss the heteroskedastic individual-weight (HE) estimator.
This estimator directly addresses the sensitivity of the HO estimator by accommo-
dating heteroskedasticity in the measurement error. It is the fully individualized

shrinkage estimator in that it accounts for both sources of heterogeneity: the number

13



2

i

of measurements J; and the idiosyncratic noise variance o
The heteroskedastic individual-weight shrinkage estimator éHE is defined as éHE =
A n
<92,HE) y with
1

1=

A

0; ne = w;qupX; + (1 — w;up) X, where (5)
1%
w;, = 7 =
HE %ag v

Here, V is the estimator of Var (6;), and 62 is the estimator of Var (X, | 6;). The
variance estimators are constructed following Kline et al. (2020) and Kline et al.
(2022):

K3

. 1 % = \2

67 = Ji_lj;(xi,j_xi) ;

~ 1 i _ —\2 n—1 - 1

Vi=— Xy —X) — — 52
n kl( ’ ) n’ k=1 ‘]"‘Uk

As an extension of the HO estimator, the weights w; yg accommodate heteroskedastic
measurement error by allowing Var(X;; | 6;) to differ across units, thereby ensuring
robustness to heteroskedasticity.

We take an intermediate step before deriving the properties of BHE, the down-
stream OLS estimator of regressing Y; on HAzHE Since the estimator ézHE is an em-
pirical Bayes estimator, with the estimated prior variance V and prior mean X for
a normal prior on 6;. As a preparation, we start by studying the property of OLS
estimator BQHE regressing Y; on the semi-oracle estimator échE (with prior mean still

estimated from the data),

éi7c7HE = ¢; X; + (1 — ¢;) X, where
Var (6;)

C; =

Lemma B.3 shows that the estimated variance V is a consistent estimator for
the true variance Var (6;). Thus, we build the properties of Bur based on those of
BQHE. The following result, which is of independent interest, shows that regressing

Y; on the semi-oracle estimator échE leads to an unbiased asymptotic distribution

14



with efficient variance.

Lemma 3.1. Suppose Assumption 3.1 holds. Then we have

A E [u? (6 — E[6:))’]
Vit (Bewe = B) =a N (0’ (Var (6:)° ) |

Lemma 3.1 shows that regressing Y; on échE leads to an asymptotically unbiased
estimator of § in stylized cases where Var (6;) is known. The asymptotic distribution
is the same as the optimal one if the true 6; is observed. Since HAC,HE is infeasible, we
next study the properties of the feasible shrinkage estimator O

The following result builds on Lemma 3.1 and establishes the asymptotic distri-

bution if we use the feasible shrinkage estimator O

Theorem 3.3. Suppose Assumption 3.1 holds. Then we have that BHE and BQHE are

first-order asymptotically equivalent:
Vn (BHE - 5) =/n (BCHE - 5) + 0p(1),

and so

Vit (B — B) 5 N (0, E [} (6. — E[0))] ) |

(Var (6;))

Theorem 3.3 establishes that the HE estimator Oyg performs asymptotically
equivalent to knowing the true variance Var (6;). Also, regression on ézHE reaches
the semiparametric efficiency bound (See the unconditional moment case of Cham-
berlain, 1987) and is as good as knowing the true 6;. Even though it is assumed
that /nE [J{l] — K, the ratio k—representing the ratio of measurement error to
sampling error—eventually doesn’t show up in the asymptotic distribution.

Recall from Proposition 3.1 that the unshrunk FE estimator’s asymptotic distri-
bution was biased by the k term, leading to invalid inference. Here, even though we
remain in the same x > 0 regime where measurement error is persistent, that bias
term is absent. The HE shrinkage procedure perfectly corrects for the EIV problem,
and the inferential issue from the baseline FE case is automatically resolved.

In Section 3.2, we showed that under heteroskedasticity, HO yields invalid infer-

ence for 5. By contrast, as we show now, HE delivers an asymptotically unbiased

15



estimator of § under the same conditions. In this sense, HE provides a more robust
approach, and the following proposition summarizes the result. Details and proofs

are given in Appendix D.

Proposition 3.4. Suppose the asymptotic framework satisfies n*/*E [%] — k3. With

any dependence between J; and o2, under Assumption D.1 and D.2 we have

E [uf (6: — E[6:])]

2

(Var (6;))?

vn (BHE — 5) —a N(0, ).

Taken together, the results in Theorem 3.3 and Proposition 3.4 establish the
asymptotic properties of the HE estimator for the downstream regression. Theo-
rem 3.3 shows that its asymptotic distribution is centered at zero and achieves the
efficient variance, thus resolving the asymptotic bias from the EIV problem seen in the
FE baseline. Proposition 3.4 further demonstrates that this property is robust, as the
asymptotic distribution remains centered at zero even under the type of dependence

that causes the HO estimator’s distribution to be biased.

3.4 Inference of HE

This subsection further establishes the automatic inference property of Our. For
implementation of inference in practice, we further require a consistent estimator for
the asymptotic variance in Theorem 3.3. In this section, we show that Oup serves
equivalently to the true 6 as the regressor in the conventional procedure of OLS
regression.

Building on Assumption 3.1, additional regularity conditions are required for

consistency of the variance estimator.
Assumption 3.2. 1. J; is independent of 0;, u; and €, ;. J; > 3,a.s.
2. E(u;) =0, E(u;6;) =0. E H@flui”H < oo forany 1l <k <8, 1< ky <4

3. Ele;|o?]=0,E[e;|o?] =02, E []em-\L | 03} < KoF, for some L > 3. Also,
€i,j A 91

4. (' Jl_ em-’Qi.

5. E[0¥] < oo.
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6. E[0}%] < oo.
7. nE [J7] = K, K € [0,400).
8. /nE [J7?] = 0.
Assumption 3.2.1, Assumption 3.2.3, Assumption 3.2.4, and Assumption 3.2.6
are the same as those in Assumption 3.1. We strengthen the moment conditions

in Assumption 3.2.2 and Assumption 3.2.5 to ensure that the law of large numbers

applies to higher order terms in the variance estimator.

Theorem 3.5. Suppose Assumption 3.2 holds. Then the OLS standard error from

regressing Y; on 6; ug is consistent:

N = 2
A (G —fue) @ E[w2(0, - E[0))?]
2= R NN (Var (6;))
(% iy (i — ) ) Z

9

where U; is the OLS residual of regressing Y; on ézHE
U =Y, —a— BézHE

Remark 3.1. Theorem 3.5 is proved in the same way as Theorem 3.3, by showing
the properties of the estimators BAC,HE, and then draw the conclusion from consistency
of V to Var (0;). Here, the arguments are simpler than those for Theorem 3.3, because
we only require convergence at a slower rate o(1).

Notice that € in Theorem 3.5 is precisely the Eicker-Huber-White variance esti-
mator. If we regress Y; on éi’HE, the reported standard error is \/62»/71 Thus we can

construct asymptotically valid confidence intervals

BHE + R1—a/2'\/ Q/”,

where z;_,/2 denotes the 1 — « /2 quantile of the standard normal distribution. The-
orem 3.5 ensures that the confidence interval has asymptotically nominal coverage.
Specifically:

Pr (5 € [Bue — Z1—a/2\/ /0, Brp + 21-ay2\/ Q/n]) —1-o.
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In practice, inference with HE is straightforward. One treats Oup as the latent 6 and
regresses Y; on élHE to obtain the OLS estimator BHE and its standard error. The
resulting confidence interval for g is asymptotically valid.

While the focus of this paper is on downstream inference, it is worth noting that
the HE estimator has favorable properties for estimating @ itself. As an estimator mo-
tivated by empirical Bayes principles, its construction improves estimation accuracy.
By correctly modeling all sources of heterogeneity, Oy is known to achieve a lower
mean squared error (MSE) than the unshrunk FE, the HO, and the common-weight

estimators, a standard result in that literature (see, e.g., Efron and Morris, 1973).

3.5 Common-Weight Shrinkage (CW)

As a final point of comparison, we analyse the common-weight (CW) shrinkage esti-
mator, which serves as a benchmark. This estimator, motivated by the James-Stein
estimator, shrinks each unit mean X; towards the grand mean X by a common factor

w:

~ — —

Qi,cw =wX; + (1 — ’LU)X,

where X denotes the grand mean of the sample. The weight w can be data-dependent
as in the James-Stein estimator. For instance, common-weight shrinkage is applied in
Chetty et al. (2014a,b), where the weight w is chosen from the best linear predictor
of 0; given X;. Inference of 3 is then performed by regressing Y; on éi,CW-

We now give two examples of common weight w for shrinkage.

(i) Bias Correction Shrinkage

Regressing Y; on HALCW leads to an OLS estimator of 3 given by

R Cov (YL éi,CW) ) Cov (Y, X.)
BCW = =W =
Var (9i,CW> Var (Xz)
H—/
BrE

In effect, regressing Y; on éi,CW adjusts BFE of regressing Y; on X; by a factor of
w~t. By a proper choice of shrinkage weight w ~ Var 6:)/ Var (X:), the adjustment

overlaps with the bias correction method for the EIV problem. Heuristically, in that
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case

5 _\//a\r(Xi) COV( i X;) 60\V(Y},Xi) COV( ,0;)
N Va6 Var (X)) Var (6,) Var (6,)

The bias correction shrinkage method with the above w thus has the equivalent prop-
erty as classical bias correction in EIV problems for downstream regressions.

(ii) IV Shrinkage

Another choice of w would also result in a shrinkage option that, when used as the
regressor, refines the IV estimator for 5. To see this, if we split the measurements for
each unit ¢ into two subsets, and treat the subset averages XM, X@Q as the instrument

and endogenous variable respectively, then we can construct an IV estimator:

. (cov( Z,l,XZ,2)>_1Con(n,Xi,1) Cov( X)  Cov(¥i6)
v = = :

Var (X; ;) Var (Xi1) Cov (X1, Xi ) Var (6;)

The IV estimator is adjusting the estimator of regressing Y; on X;; by a factor. With
a proper adjustment factor, we can exploit more information from regressing Y; on
X; and achieve better estimation than using the subset Xijl.

Because of its connection to the bias correction method and the IV estimator,
common-weight shrinkage can achieve as good performance as those methods for f,
requiring as weak assumptions as them. Even though it ignores the heterogeneous
signal-to-noise ratio and pool every individual at a uniform ratio, common-weight
shrinkage provides valid inference on 3. The following result formalizes this point. It

is proved in Appendix B.

Proposition 3.6. Suppose Assumption 3.1 holds. Then we have

Vn <ﬁcw — 5) —q N (07 (Var (6,))° ) :

Therefore, the CW estimator also addresses the inferential problem from the FE
baseline. Its primary distinction from the HE estimator is how it achieves this: the
CW approach applies a uniform correction factor (equivalent to bias-correction or
IV), while the HE estimator models unit-level heterogeneity. Despite these different
mechanisms, both estimators are first-order asymptotically equivalent and achieve

the same efficient asymptotic distribution.
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4 Simulations

4.1 Simulation Design

In the first set of simulations, we focus on the comparison of regressing on the shrink-
age estimator GALHE, the sample mean X;, i.e. éi,FE, and the true latent ;. In each of
the S = 3000 simulations, we generate the data, run the regression of Y; on generated
regressors, and then report the 95% confidence intervals of 5. Finally, for each value of
[ in the grid, we compute the coverage rate across all simulations, i.e. the proportion
of simulations in which the value of 3 falls within the 95% confidence interval.

The number of measurements is fixed at J; = J = 20 and the sample size is
n = 1000. Here the ratio s =~ 1.58. We set the true 6; drawn from the standard normal
distribution, and the variance o? drawn from x?(1). In the regression, we set a = 0,
£ =1, and draw u; from a standard normal—thus homoskedastic—distribution.

In the first setting, we generate the measurement error ¢; ; from a normal distri-
bution, with all conditions in Assumption 3.1 satisfied. In the second setting, we set
the measurement error ¢; ; still having the variance o7, but following centered linear
transform aiw. Note that the ratio ¢; ;/o; satisfies the moment conditions in
Assumption 3.1. As ¢, ; follows a shifted Gamma distribution, which is non-normal
and asymmetric, the purpose is to show that general distributions of measurement
error are allowed as long as the moment conditions are satisfied.

In the second set of simulations, we compare bias and coverage rates across
different methods, especially on the comparison of the individual-weight method HE
and CW. We report the squared root scaled MSE of B, coverage rate, bias, and MSE
of 8. The design we consider lets the heteroskedastic 0? be a uniform distribution
from {1, 10}, with other settings the same as the previous case.

In the third set of simulations, we again compute the coverage rate for each
method. We check the performance with random J; drawn from Poisson(20), and
with the sample size n = 1000. Here & is approximately 1.58 but larger due to
convexity. With other parameters unchanged, now we can have correlations between
J; and 2. In the first setting, we generate J; and o? independently, ensuring that
all conditions in Assumption 3.1 are satisfied. In the second setting, we introduce a
positive correlation between J; and o7, reflecting possible endogenous choice of more

measurements for lower precision, keeping conditions in Assumption D.1 satisfied.
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Note: Each curve represents the proportion of simulations in which the value
of § on the x-axis falls within the 95% confidence interval. The dashed red
line represents the infeasible case of regressing on the true 6;. The blue line
represents the proposed method of regressing on the shrinkage estimator 0;
(HE). The orange line represents regressing on the sample mean X; (FE).

Figure 1: Coverage Rates Under Different Noise Distributions

4.2 Results

The first set of coverage results are presented in Figure 1. Coverage for regressing
on HE (the blue line) performs well in both normal and non-normal settings. The
coverage rates are close to 95% at the true 3, and the curve is always very close to
the infeasible case (the dashed red line) of regressing on the true #;. In both cases,
regressing on the sample mean X; suffers from the attenuation bias, reflected by a shift
to the left in the coverage curve (the orange line), though the spread is approximately
correct, which aligns with Proposition 3.1.

The second set of results are reported in Table 1. The results indicate that HE
has a smaller MSE of 3, higher coverage rate, smaller bias, and smaller MSE of 6
than CW when the ratio /nE [J; '] is reasonable. When n and J tend to be large,
the performance of CW and HE are close, but HE always dominates and is even
more preferable when the sample size is relatively small. As discussed in Section 3.5,
we know that Bcw is first-order asymptotically equivalent to BHE Combined with
the simulation results, we can see that HE can achieve better performance in finite

samples.
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Table 1: Method Comparison Across Scenarios

Scenario Method +/n x MSE(5) Coverage Rate (%) Bias MSE(6)
n=>50, J=10 True 6; 1.030 94.73 0.116 0
vn/J =~ 0.71 HE 1.497 91.90 0.166 0.322
CW 2.335 87.83 0.225  0.374
FE 2.690 27.67 0.354 0.552
n=225, J=10  True 6; 1.016 94.17 0.054 0
vn/J ~ 1.5 HE 1.550 90.27 0.083 0.313
CW 1.856 86.13 0.099 0.359
FE 5.411 0.03 0.354 0.550
n=1000, J=20 True 0; 1.009 95.13 0.025 0
vn/J =~ 158 HE 1.298 93.13 0.033 0.195
CW 1.392 91.33 0.035 0.216
FE 6.930 0.00 0.217 0.275

Note: This table compares the performance of different estimation methods
across various scenarios, focusing on mean squared error (MSE), coverage
rate, and bias. ”True 6,” represents the benchmark case where the true
values of 6; are known. HE denotes the heteroskedastic estimator, while
CW refers to the common-weight estimator. FE represents the fixed-effects
estimator. The square root of scaled MSE of /3 is computed as y/n x MSE(f).
Coverage rates are reported as percentages, and bias refers to the absolute
deviation of the estimated [ from its true value. The MSE of @ measures
the estimation error for individual effects. A larger y/n/J indicates a higher
ratio of measurement error to sampling error.

The coverage results for random J; are presented in Figure 2. We mainly focus on

the curves for the proposed method (the blue line) and HO (the purple line). We can

see that the proposed method works well in both settings, close to the infeasible case
(the dashed red line). Instead, HO only works well in the first setting. When J; and

o? are correlated, BHO is biased, reflected by a shift to the right in the coverage plot

for Buo. Similar as before, regressing on the sample mean X; results in a leftward

biased coverage curve. As discussed in Section 3.2, the asymptotic bias in HO is

distinct from classical EIV attenuation bias, as it shifts the estimate in the opposite

direction and causes amplification.

Overall, the simulation results confirm the theoretical findings in Section 3 and
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Note: Each curve represents the proportion of simulations in which the value
of B on the x-axis falls within the 95% confidence interval. The dashed red
line represents the infeasible case of regressing on the true 6;. The blue line
represents the method of regressing on the heteroskedastic individual-weight
shrinkage estimator élHE (HE). The purple line represents the regressing on
the homoskedastic individual-weight shrinkage estimator éi,HO (HO). The
orange line represents regressing on the sample mean X; (FE).

Figure 2: Coverage Rates Under Different Dependence

support the extension of Assumption 3.2 regarding the normality of ¢; ;. Additionally,
they validate the theoretical framework in Section 3 concerning the dependence of J;
and ¢?. The proposed method works well in both normal and non-normal settings,
and is robust to the correlation between J; and o?. It outperforms FE, CW and HO,

and is close to the infeasible best case.

5 Empirical Application: Firm Discrimination

In this section, we use the HE method in the context of Kline et al. (2022) about the
extent to which large U.S. employers systemically discriminate job applicants based
on race. Their study utilizes correspondence audits, where fictitious resumes with
randomized racial identifiers are sent to employers to measure differences in callback
rates. The racial contact gap, defined as the difference in callback probabilities be-
tween racial groups, serves as the primary latent variable, analogous to value-added

in our setting.
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5.1 Data

We use the panel dataset in Kline et al. (2022) on an experiment that sends fictitious
applications to jobs posted by 108 of the largest U.S. employers. For each firm in each
wave, about 25 entry-level vacancies were sampled and, for each vacancy, 8 job appli-
cations with randomly assigned characteristics were sent to the employer. Sampling
was organized in 5 waves. Focusing on firms sampled in all waves yields a balanced
panel of n = 70 firms over 5 waves. Applications were sent in pairs, one randomly
assigned a distinctively White name and the other a distinctively Black name. The
primary outcome is whether the employer attempted to contact the applicant within
30 days of applying. The racial contact gap is defined as the firm-level difference
between the contact rate (the ratio of number of contacts and number of received
applications) for White and that for Black applications. We follow the model similar
to Kline et al. (2022), where the racial contact gap is given by

_ o2
X, =10, +¢, ein(O,TZ>,

with normality arising from the central limit theorem approximation.

5.2 Estimation

In our analysis, we estimate the predictive effect of callback probability in wave t,
for t = 1,2,3, on callback probability in wave t 4+ 2. Given the model setup, we
expect the regression coefficient to be close to 1. For each wave t, we first apply
shrinkage estimation, and subsequently regress on these estimates. We compare the
performance of our method with the fixed effects (FE) estimator across the three
waves. Since the discrimination gap is computed from pairs of job applications, we
have J = 100, resulting in a small ratio of measurement error to sampling error,
vn/J =0.08.

The results presented in Table 2 indicate that regression on the shrinkage es-
timates (ézHE) yields coefficients closer to 1, along with lower mean squared error
(MSE). Despite a small \/n/J, FE still exhibits attenuation bias. In terms of infer-
ence, the proposed method robustly rejects the null hypothesis of no predictive effect,
whereas FE fails to reject this null hypothesis for waves 1 and 2. These findings

demonstrate that the proposed estimator improves both the accuracy of estimation
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and the validity of inference for the regression coefficient.

Table 2: Regression Results for Different Waves Predicting ¢ + 2

~

Xz' Qi,HE

Wave 15} SE CI p-value 15} SE CI p-value

Wave 1 0.150 0.100 [-0.047,0.347] 0.140 | 0.987 0.385 [0.232, 1.742]  0.013
Wave 2 0.092 0.110 [-0.124, 0.308] 0.406 | 0.883 0.363 [0.171, 1.594]  0.017
Wave 3 0.415 0.125 [0.170, 0.659]  0.001 | 2.186 0.963 [0.299, 4.073]  0.026

MSE(B) 0.630 0.474

Note: This table presents regression results for firm discrimination in wave
t predicting firm discrimination in wave ¢ 4+ 2. Columns labeled X; represent
regressions using the raw sample mean, while columns labeled élHE corre-
spond to regressions using the shrinkage estimates (HE). The coefficients (/)
indicate the estimated effect of firm discrimination in wave ¢ on wave ¢ + 2.
The standard error (SE), 95% confidence interval (CI), and p-value are also
reported, based on the Eicker-Huber-White variance estimator.

6 Application: School Value-Added in Pakistan

In this section, we use the HE method in the context of Andrabi et al. (2025) about

estimating the school value-added in Pakistan.

6.1 Data and Empirical Setting

The analysis utilizes the LEAPS project dataset, a rich longitudinal panel from rural
Punjab, Pakistan. The data track 71,677 child-year test scores across more than
800 schools from 2003-2006, forming one of the largest such panels in a developing
country. This setting is characterized by the rapid emergence of a private school
market, making the estimation of school quality (value-added) and its perceived return
(school fees) a central question of interest. We use the school-year level sample from
their analysis, which consists of n = 1158 observations. We also have E, [J; '] =

0.120. Therefore & = \/nE, [J; '] ~ 4.08.
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6.2 Estimation and Results

We replicate and extend the primary downstream analysis in Andrabi et al. (2025),
which is a regression of private school fees on estimated SVA. The latent variable
0; represents the true SVA of a school, and the downstream regression investigates
whether schools with higher SVA command higher fees.

We compare two individualized shrinkage estimators. The first is HO, as used

in the original study. The second is HE, which is fully individualized by allowing for
2

i

heterogeneity in both J; and the noise variance o

The results are presented in Table 3 (full sample) and Table 4 (a selected sample
restricting 20 < J; < 80, following the original paper). The tables compare the HE
estimator (left panel) and the HO estimator (right panel) in both bivariate specifi-
cations and specifications including household-level controls (parental education and
asset index).

Across all specifications, our results confirm the central economic finding of An-
drabi et al. (2025): SVA is a large, positive, and statistically significant predictor of
private school fees. For example, in the full-sample specification with controls (Ta-
ble 3, Column 2), the HE point estimate is 793.013 and is statistically significant at
the 1% level.

7 Conclusion

This paper investigates the inferential properties of individualized shrinkage estima-
tors when used as downstream regressors, a common but not fully understood empir-
ical practice. We formalize the conditions under which this plug-in approach yields
valid downstream inference. Our central finding is that a correctly specified and fully
individualized shrinkage estimator yields an asymptotically efficient estimator of the
downstream coefficient. Crucially, we show that conventional OLS standard inference
are asymptotically valid, justifying standard empirical practice. This result stands
in contrast to the biased inference from the unshrunk FE baseline and the simpler
individual-weight (HO) estimators that can fail when noise variance is correlated with
the number of measurements. We apply our method to data on firm discrimination
and school value-added and show that it improves the estimation and inference.

Our analysis provides a formal bridge between the empirical Bayes literature,
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Table 3: Regression Results of School Value-Added on Private School Fees

(1) (2) (1) (2)

Dep. Var.: School Fees Dep. Var.: School Fees
Empirical Bayes SVA 1054.128%**  793.013%** Empirical Bayes SVA 991.371%*%*  719.858**
(298.150) (264.052) (320.963) (280.882)
Mean Mother Education 2.314 Mean Mother Education 4.697
(123.829) (122.849)
Mean Father Education 203.270 Mean Father Education 218.651
(142.282) (142.686)
Mean HH Asset Index 263.334*** Mean HH Asset Index 263.074***
(46.927) (46.820)
Adjusted R? 0.23 0.29 Adjusted R? 0.22 0.29
Number of Observations 1154 1144 Number of Observations 1158 1148
Number of Clusters 315 315 Number of Clusters 318 318

Notes: Each column reports coeflicients from regressions of private school fees on estimated
school value-added. The left panel uses the HE estimator, and the right panel uses the HO
estimator following Andrabi et al. (2025). Columns (2) add controls for mean mother education,
mean father education, and mean household asset index. Standard errors (in parentheses) are
clustered at the village level. *, **, and *** denote significance at the 10%, 5%, and 1% levels,
respectively.

where shrinkage estimators were developed to improve estimation accuracy, and the
common empirical practice of using these estimates for downstream inference. The
key takeaway for practitioners is that while the plug-in approach can be valid and
efficient, its robustness depends critically on the specification of the shrinkage es-
timator. For applied researchers, our results provide a clear theoretical foundation
and a practical guide for obtaining valid inference when using shrinkage estimates as
regressors in linear models. Extending this method to nonlinear settings is a natural

yet nontrivial direction, which we are studying in ongoing work.
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Table 4: Regression Results of School Value-Added on Private School Fees (Selected

Sample)

(1)

Dep. Var.: School Fees

(2)

(1)

(2)

Dep. Var.: School Fees

Empirical Bayes SVA 1622.126%**

1358.509***

Empirical Bayes SVA

1569.700%***

1320.180%**

(454.324) (391.156) (451.274) (384.742)
Mean Mother Education -118.275 Mean Mother Education -119.644
(230.302) (230.177)
Mean Father Education 393.320 Mean Father Education 402.032
(271.010) (270.856)
Mean HH Asset Index 359.615%** Mean HH Asset Index 360.131°%%*
(83.513) (83.527)
Adjusted R? 0.31 0.39 Adjusted R? 0.31 0.39
Number of Observations 592 591 Number of Observations 592 591
Number of Clusters 150 150 Number of Clusters 150 150

Notes: The sample is restricted to schools with between 20 and 80 students, following Andrabi
et al. (2025). The left panel reports the HE estimator, and the right panel replicates the HO
estimates from the original study. Standard errors (in parentheses) are clustered at the village
level. *, ** and *** denote significance at the 10%, 5%, and 1% levels, respectively.

A Proofs of Main Results

A.1 Proofs for FE

Proof of Proposition 3.1. The regularity assumptions are Assumption 3.1. Firstly,

for simplicity we abbreviate notations and denote BFE as B, and Var (6;) as V.
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Firstly, from Lemma B.1 and Lemma B.3, we have for the denominator,

. 1,
TQn =V + n2 - jiO'l-
=V 4 0,(n"'?
= V+Op(n_1/2).

For the numerator terms, by properties from Lemma B.1,

1 © s 1 =

VT, = %;(ei—ﬁ[@]) +%;€i (0: —E[0,])
—\F(é—EHf—\/ﬁ(@—E[@D@
\/_Ze— )? + 0,(1),

Combined with the proof of Lemma B.3, we have

n

2
mn:\fz [(0: —E[6:])* + &) — v (0 - E[0:]) fe+ﬁ2<0—E[9i]>

=1
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Therefore, the numerator is

ﬁ\/_Tln_ﬁ\/_TQn+\/_T3n
Ze +—Z(‘)— i) wi 4+ 0p(1)

Ly
\/_Z{ A } Z 7ol
= ﬁzgi—ﬁﬁz:%‘f?"‘op(l)-

Here for the second term, by Chebyshev’s inequality, for any s > 0 we have

S SER £ O P L)

52

and also,
1 2 1 2 2

Therefore, the second term is —x8E [07] 4 0,(1).

For &;, since

E [fz] =0,

(1)

E [u? (6; — E[6:])*] +o(1) — 26°E |:%0‘;{|

i

=E [u? (6; — E[6,])*] + o(1), (6)

E[¢?] =E [u (6; —E[4,])°] + B°E

+ FE [¢l] - 26°E H 3}

where the last line follows from Lemma B.1.
Therefore, for (nE [ff])_l/ ? >or & in the triangular array, by the Lindeberg-
Feller theorem (See Ferguson (2017) p.27), because the Lindberg condition holds
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— 0, Vs >0,

which is derived from (6) and the dominated convergence theorem, then we have

\/WZ& _>d

By (6) and Slutsky’s theorem,

\FZ& \FZJU 4 N(—r0E [0?] .E [u? (6, — E[0,))?).

Then combined with the denominator, by Slutsky’s theorem,

—d N(—lﬁﬂ

6\/_T1 n B\/HTQ,n + \/ET?),TL
Vi (B-8) = T

A.2 Proofs for Asymptotic Normality and Inference

Proof of Lemma 3.1. Firstly, for simplicity we abbreviate notations and denote BQHE
as e, 0; op as 0., and Var (6;) as V.
We have

ﬁ\/_Tl n /BﬁT2,TL + \/ETB,n
TZ,n .
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Respectively, by properties from Lemma B.1,

n
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_2\/5(9‘—1@[91])%. c,;(@i—E[@i])nt\/ﬁ(@_—E[&i])g%Zci
— n(é—E[ﬁi])iquz \/ﬁe%Zcz 0, —E —l-\/—e 6—-E[0 ZCZ
_ % S (0= E0])? + o,(1),
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n

15, = %Z (Ci (Qi —é) + ¢ (& —E))2_|_ =

i=1 —
_l - 2 o _ 2 N\ (s =
_nzcz[e 0) + (& — &) +2 (6 — ) (& — )
1 n 1 n 2
+ EZCiez‘—Q_C-I—EZciei—ec]
i=1 i=1
Z%Zcf Y +e+2(0,-E6]) &]
-2 9 E[6 Zc (0; — (Q—E[Qi])Q%ZcZZ
i=1

_Qg—ZCEMLE—Zc
1 n
B 2061—26—26 +2e(0—E[6 5203

+ [E[6:] + Op(n ‘1/2) (E[0] + 0p(n~Y2)) (1 +0p(n"2)) + 0,(n V)]
:—Z = 7] + 0,(n"1?)

—20,(n" Y20, (n"?) + 0y(nY) [1 + Op(n~1/?)]
_ Zop(nfl/z)op(nfl/z) +o,(n7Y) [1 i Op(n*m)]

— 20,(n~Y2)0,(n"Y2) — 20,(n"Y2)0,(n"Y2) + 20,(n"V2)0,(n"V2) [1 + Op(n~1/2)]
+0,(n7")

= —Z Ty ] + 0,(n71?).
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i=1
1 & 1 O
= — C; Hl—E (9@ Ui| + —= Ci€il;
g el -BBDul+ 23 ad
_ 1< 1< s 1 ¢
1 NI 1
- \/ﬁeﬁ ; CiU; — \/ﬁug ; Ci€; + \/ﬁueﬁ ; G

_ % el ~ BB ] +o,(1).

Therefore, for the denominator we have

n

Tz,n = % Z C? [(91 —E [91])2 + E?] + Op(n_l/z)

i=1

= LY B BB+ Oy
i=1

=V +0,(1).

Also, combined with Lemma B.2, the numerator is

ﬁ\/ﬁTl,n - ﬁ\/ﬁTZ,n + \/HT3,TL

= % Z [Be; (0: = E[0.)) = B¢} [(6: — E[0.))" + €] + i (6: — E[6:]) w] + 0,(1)

i

= % > {/Bcz- (0, —E[6:])* — B | (0; — E[6,])* + %&3 4o (0 —E[0) wi| +0,(1)

= % D&+ o1).
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For &;, since

= 0’

516] - [~ ] - 0 ]
+E [Z]E [u? (6 — E[6])’]

~26°VE B o7l (i - cf)}

1 2
¢ (72012) ]

LE[?|E [u2(6 — E[8)] - 26°VE E&gcg (e — cf)}

=E[uf (0 —E[6,))"] +o(1), (7)

=o(1) + °E

where the last line follows from Lemma B.1 and also 0 < ¢; < 1.
Therefore, for (nE [51-2])_1/ 2 > w & in the triangular array, by the Lindeberg-
Feller theorem (See Ferguson (2017) p.27), because the Lindberg condition holds

below

nEl[gg]f;E{ﬁfﬂ (> sy/nEiel) b = pme{ern (el > sy/nE i@}

— 0, Vs >0,

which is derived from (7) and the dominated convergence theorem, then we have

\/WZ& _>d
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By (7) and Slutsky’s theorem,

1 n
&‘ —d N(O, 1)
\/no2V ;

Therefore,

BT, — By Ty + /0Ty, —a N(O,E [u? (0 — E[6,])%]).

Then combined with the denominator, by Slutsky’s theorem,

A — E [u2 (6 — E [6,])°
ﬂ(ﬁc _5> _ BT, 57\{fT2,n + /nTs, sy N(O, [uz ( - [0:]) })

]

Proof of Theorem 3.3. Firstly, for simplicity we abbreviate notations and denote BC,HE
as Bc, @HE as B, échE as 9}70, élHE as 6; and Var (0;) as V. We then prove the
asymptotics by showing

Vi (B=8) =y va (8- 8).
By taking the difference, it’s equivalent to
\/EB - \/ﬁBc = Op(l)'

It suffices to show for the numerator part

and then show for the denominator part

S (00 o L3 (i)

i=1

First we show the numerator part. Since ¢; and 6, . can be viewed as function values
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given t = V and ¢ = V for the function of ¢:

¢ _ _

X+
67+t

the first order derivative of which is denoted as

-0

for simplicity of notations, we denote the whole numerator part as a function f,(t),

and what we want to show is
Fo(V) = fa(V) = 0,(1).

By the mean value expansion theorem, for V such that ’f/ — V’ < ’V — V‘,

S
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For any s > 0, there exists 6 > 0 such that V' — ¢ > 0, and we have

<Pr<fn<\7>—fn(V)’>s,V—V‘§5>+Pr(V—V‘>5>
< Pr ﬁV—v‘l Y Jii&"z~ S |(Xi = X) (Yi-Y)| > s, f/—v‘<5
nig (%a—%v)
+Pr<\7—v >5)
<Pr(\/ﬁ VV‘%i(L&Qif(S)Q(Xlx)()@Y)}>3,VV’<5
= (L4
+Pr<V—V‘>5>
. 1< Jii&f I _
<Pr \/ﬁV—V‘E;(%6?+V_5>2\(X1—X)(Y7;—Y)}>s
+Pr<V—V‘>5>

Then we only need to show

1 n
2>

= (%&3 +V—5)2

1 A
7,9

This can be proved if for any integers ki, ko € {0,1},

! A
2

i—1 (Ji&? +V - 6)

o

51X il = 0, (1)
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For any s > 0, by Chebyshev’s inequality,

1 < 707 > 1k 707 > 1k
Pr EZ o 2 |Xl| 1 |Yi|l€2 —E i 2 |Xl| 1 |Yz‘|l€2 > S
= (167 +v =0) (262 +V - 4)
[ 1 ~2 2
=67 S 12k
E|| 2" [X[™ v
<J—iai+\/—6)
< -
- ns?
L E [\Xi}”“ (a+ 50; + ui)Q’”}
V=9 — 0
- ns? '

where the last limit follows from the independence and finite moments assumptions,
as well as the fact from Lemma B.1 that E [!X’i‘%l] — E [|9i|2k1] Also, by the

Cauchy-Schwarz inequality, from the property of (%62

Z> in Lemma B.1, we also

have
152 707
E|l 2 %[ | =B || B[ |X ]
(£62+V —9) (507 +V -9)
2
< o G e e
(V=9 Ji
Therefore,
1 & 567 % ¢ %
n 1 - 5| (X = X) (Vi —Y)]
= (47 v —0)
<l 7 JROdENEDS i 7 |Yil
T (L2 4V —0) = (o4 v —9)
SRR N AP ITIE CNS
+7]2 - [l + XYL ;
=1 (

Then the numerator part is shown.
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Lastly, we show for the denominator part
1 =\ 2
—Z(e —9) - Z(em—ee) .

Similarly, for simplicity of notations, we denote the whole denominator part as a

function g, (t). Similarly, we have

(1) -t = (7~ V)i (1)

Here with a slight abuse of notation, V satisfies ‘f/ — V‘ < ‘V — V‘. We finish the
proof by showing

Let
1 ~2
P
1T - 2
(%&3 + V)
1%
Gi = - =
Z_O’? —+ vV

n

L(7)-23

=1

236D, (%- X) _2[ ZG )] [%gpi(xi_)z)].

i=1

G, (X, — X) _%iek (Xk—X)] D, (X, - X)

Similarly, to show it’s O,(1), it suffices to show for k1, ks € {0,1}, k3 € {0,1, 2},

1 — .
> GEDEXE = 0,(1)
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For any M > 0, there exists 0 < § < V, and

pr( >M>

1 . -~
< Pr E;G?Dﬁ” X[ > M, V—V‘§5)+Pr<}V—v)>5)

1 S Ghpk Xk
n Z:1 3 KA 3

k
1 vos \" 707 - -
<prf-= (M 5) | R s M| e ([P -V > 0)
i\ TV - (+02+V - 34)
1 1 ~
<Pr s > K > M) 4P (|7 - v > 0)
(V —d)=n
Because
o - ks
=1
therefore it is proved. O

Proof of Theorem 3.5. Firstly, for simplicity we abbreviate notations and denote BHE

as B , ézHE as 9}, and Var (6;) as V. For the numerator, we have
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Then by Lemma C.1, in order to show
n 4= ! v

it suffices to show for integers 2 < k < 4,

%Z (6-0)" (i=7)" =, 23 (0, -0) (=)

=1

Because of the proof shown in Theorem 3.3, the above can be shown if we have
2 < k<4,

P00 v 3 )

1=

For simplicity of notations, we denote the left hand side as the function value of f,(¢)
at t = V, and the right hand side as the function value at t = V. Then we have

B (V) = fan) = (V=v) 1 (V)
Here V satisfies ‘f/ — V‘ < ‘f/ — V‘. Then we only need to show

£ (V) = 0,0).

Let
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St
VS

<t
N—

3|

G, (X, - X) - %éek (X X)r1 (Di (X, — X) - %;Dk (%, _X>> i

i—1
It suffices to show for &y € {1,2,3}, ke € {0,1}, k3 € 1,2, 3,
1 & _
=~ GPDPEXPYIN =0,(1).
n
i—1

For any M > 0, there exists 0 < § < V, and

n

1 _

Pr( |- D DEXPYE > M
k k2

n 1 1 ~2

1 — +0; ke -
<prf- (12‘/ i > . | K | e pe ([P -] > a).

niZ\ 50tV -0 <}6§+V—6

1 1 k3 v a—k

<p A D e L Vi ‘v-v‘>5
SRt (oo 9 DL P )
Because

DS |R[ v = 0,00,
=1

therefore it is proved.
For the denominator, from the proof of Theorem 3.3 and Lemma 3.1 , we have

()] e
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Supplemental Appendix

B Lemmas and Proofs for Asymptotic Normality

Firstly, for simplicity we abbreviate notations and denote Var (6;) as V.

Remark B.1. Recall that the variance estimator is defined as

J:
. 1 - —\2

Then 67 is unbiased for o and we have for its variance that

1 o?(J; —3)
~2 2 4 2 7 i
Var (67 | o, 1) = SR [e; 108 ) = 55—
1 2071 _
< ZKJ? — % (Assumption 3.1.3)
1
< jKaf, (Assumption 3.1.1)

(2

where the equality follows from e.g. O'Neill (2014) (Result 3, p. 284).

Lemma B.1. Under Assumption 3.1, we have:

1. Properties of €, X;, 62

77

C;.

For any integer ky € {1,2}, ko > 1, we have

2. Properties of sample moments of €;, ¢;, 0;:



For any integer ky > 0%, 0 < ko <2, and ks, ks € {0,1}, we have
1 n
=3O - BE ) =E (0 - kE[0])] + Op(n12),
L
1 n
- Z (0, — E[0])* & = 0,(n~17?),
n <

—Zc’“ (6 = kaE [0)** & = O,(n™"7%).

3. Properties of sample means of 0;, X;, 62:
(a) 0 =E[0;] + O,(n~1?).
(b) X =E[0;] + O,(n~4/?).
(C) Zz 1% :Op(n_1/2>
4. Properties of sample moments of €;, ¢;, u;:
For any integer k > 0, we have
(a) 3 30 ciug = Oy(n~'7?).
(b) % 2oiss cluig = oy(n~'7?).

Proof of Lemma B.1. Below we take any s > 0,

~

. ~ A2
1. Properties of €, X;, 67, ¢;:

(a) By Markov’s inequality,

JRE[]  VTE [} &l

Pr (n1/4 &) > s) < =

Since v/nE [Ji] — K, we have & = O,(n~/4).

Since

2For statements like this, if ¥ = 0 is on the exponent, it means that the term is 1.



combined with the Cauchy-Schwarz inequality, we have the rest of the

results.
(b) This follows from 1a.

(¢) By Markov’s inequality and (8),

ViE | (6% = o?)’]

Pr (n1/4|€72-2 —0'Z-2| > s) <

52
K/nE H E [o4]
< 2 :
Due to (3), we have 6 = 02 + O,(n~1/4).
Since by (8),
~92 2\ 2 1 4
E[(62—0?)?] < KE H E o] -0,

combined with the Cauchy-Schwarz inequality, we have the rest of the

results.

(d) We have




(e) From Theorem 2 of Angelova (2012), the fourth moment of 67 is

. 612(1s — p2)  Apgpis + 3p2 — 18uapd — 241211 + 23443
& [ (62)" | . 03] _ M2(M; 113) | Auopz + 3ui u;gb piapis + 2310
f1s — dptofta — 24p5 113 — 3 + T2pap3 + 9631 — 86415

NE
L Gpsptn + 6y — 39papis — 40p3 s + 4505
T = 1)
A(36p14p3 — Bpuspis + 52u3ue — 61713)
J3(J; — 1)2
8(pf — Gpapsy — 12050 + 15115)
P - 1) ’

+

+

+

where ., k = 1,...,8 are the k-th raw moments of ¢;; | c?. By Assump-
tion 3.1.3, we have u, < Ko for some constant K. Thus, by independence
of Assumption 3.1.1 and (4), we have that

1 4
(Zaf) ] — 0.

VnE

(f) By the mean value theorem,

1 ko (ks +1) 1 1 e
2 (14w VRg? (@)




where w; is between 0 and WO'Z Therefore,

ViR [1 - ]| < 22 [

+ ks (5‘2/—2’_ 1) vnE { <U + %Uf)} (By (8))
k;
< 7 [07] VnE { }
+ 20V (of] vie | )
‘ <k;;21) KE [Uﬂ VnE {%] (By Assumption 3.1.1)
— %]E [aﬂ k+0-+0. (By (3) and (4))

Then we have the second result. By Markov’s inequality, we have the first

result.

2. By Chebyshev’s inequality (ks can be replaced by ky),

Pr <\/ﬁ % zn: (0, — kE[0]) —E [c;ﬂ (0; — kyE [ei])’ﬂ > s)
) E [ 2 (g, —;31@ 10, ])2’”] ) E [(ei - 11321@ [ei])%}
Pr <\/‘ %i (0, — BE[0]) 2 e — E [cfl (0, — ksE [0,])" e} > s)




Pr <\/E L Zcfl (0; — k3B [0,])™ & — [ R0 — ks [0,])" ;2]

_E[dm e —kgu-«: 6:)™ &

Bl
Bl

)

6.~ K0 (] (o) - 2 [

2

S

Meanwhile, by independence from Assumption 3.1.3,

E e (6 — kB [0)"] = E [ E |6 — keE[6])"]
=(1+0(n"?*)E [(92 — k3 [Qz])kQ] (By 1f)
_E [(ei _ kR [ei])’ﬂ +O(n™V?),

by the mean value theorem (k; = 0) and (8),

|VnE [cf'&]| <0+ ﬁ\/ﬁE [i&fei}

e [ '

_1\/\/51[-3 ﬁ 0?+—,"?)]\/EE ng}

1 (k 1
1 +1 N E | VnE | =02?| (Cauchy-Schwarz
S oovE Ji !

where the last step follows from independence of Assumption 3.1.1, (3), (4) and
le,

by the independence in Assumption 3.1.3 (k4 = 1),

E [ (6~ E0])&] — E {]E (’f (0.~ Eb) e

(2




and also by Assumption 3.1.3,

[ViE [ (6, — KoE [0:)" ¢

<E H(ai ~ E 6]

g

where y/nE [Ji} — k. Therefore we have the results.

3. (a) Follows from the finite fourth moment and the inequality below for any

s> 0,

E [62]

[

Pr (‘\/ﬁ (@ —E [92])| > s) < (Chebyshev’s inequality)

52
(b) Follows from the property of # and the second property of 2:

X =0+e=FE[0]+ O,(n )+ 0,(n"V?) =E[0;] + O,(n~"/?).

(¢) By Chebyshev’s inequality and (8), for any s > 0,

B[ (%5 + )]
>s | < !

n

Ie1 1,
z —62_F | =5
n im1 Jio-z |:JZ‘O-Z:|

= — 0,

Pr <\/ﬁ

and also

Thus

4. (a) Since u; L € ; | 6;, by Chebyshev’s inequality,

>S)SM<U_Z

n

1
— E cfui
n

=1

Pr <\/_




Thus
1 icku = 0,(n"?).
n 4 e p
=1
(b) By Chebyshev’s inequality,

n E 2k, 222 2
%ZCfuiQ - S) < [cZFule?] < O [l} E [0}
=1

52 — 52

Pr <\/ﬁ

Thus

1 n
k, - —1/2
- g Fugé; = o, (n~1?).
i=1

Lemma B.2. Under Assumption 3.1, we have

1 O 99 1 - ol .o ~1/2
— § 282 _ E 2~ 52 4 i
"2 C;E P e Jigl op(n )

Proof of Lemma B.2. First, notice that the difference

Ji

1 1 1
2 _ Lo 2 2 )
Ji 2 Ji
1 > 1 > 9
JZ (JZ _ 1) (Z 6i7j> - Jz (Jz - 1) ZEU

2

k<j

Then the properties of the difference are




For ¢?, by the mean value theorem,

é 2
3 1 1 2 1
= | /nE L a2 (2 L2
tyE |V [(1+w2)4Jf (@) (GZ JZUZ)H
2 Loy o1 i
§O+V nlk J—22<O'Z) E Z__iai
S e |+ (@) E|(e Loa) Cauchy-Sch
"‘W n J_;(Uz‘) € —_iUi (Cauchy-Schwarz)
2 1 (K 207
< — E I 4 E i
V\/ﬂ {JE(J@-J’”’Hﬁ {Ji(Ji—m]
—i—i VnE i([72)4 VnE _ 200 (By properties of the difference)
& JEA Ji(Ji—1) ] Yy prop

Since we have independence of o7 I J; from Assumption 3.1.1, (3) (4), and that
1
ViE | (62)'] =0,

from Lemma B.1.1e, the above converges to 0. Thus, the expectation



Next, we show the convergence to expectations by Chebyshev’s inequality:

IS of2 1. of2 1.,
- 2 (2 _ —52) _E |2 (&= =&
n ZZI CZ <€Z JZ 0-7, > |:CZ 62 JZ O-’L
E | (&2 102 E | (e 1 -2)? 204
efee-s] _=[e-10] sl

Pr <\/_

— 0.

52
And the proof is complete. O]

Recall that we define in the beginning of this section V' := Var (6;) and in Sec-
tion 3.3

N - —1~ 1,
Vim (K- X) - et

i=1 i=1
The following lemma shows that V' converges to V at V/n-rate.

Lemma B.3. Under Assumption 3.1, we have
V=V+0,(n"7?).

Proof of Lemma B.3. By Lemma B.1,

N 1 _ _ -1 1.
VZEZ(XZ»—X)2—"”2 ;jﬂ?

=1 1
1 n ) 1 n . B ) . 9 n B
=N, -E0)>?+-NE-(0-Ep])’-+=5 (0, —E[0) &
”;f [])+nifz( [6:]) €+”if [6:]) €

J;
— V£ 0,(n72) + Oy(n2) — Oy(n™) — 0 (n™) + 0y(n~12)
—op(n™") = Op(n~'7?)
=V +0,(n"'?).

We prove the common-weight result here.

10



Proof of Proposition 3.6. Firstly, for simplicity we abbreviate notations and denote
Bcw as B, and Var (6;) as V.

A A4 1l <o o _ N .
Vi (B-8)=v (%;(Xi—X)(Qi—e)—6\/ﬁv+%;(Xi—X)(ui—u)>

— BﬁTLn - ﬁ\/ﬁT2n + \/ﬁT3,n
T27n '

Firstly, from Lemma B.1 and from the proof of Lemma B.2, we have for the denomi-

nator,
D= 230 (K= X)P = 3 282 oy n )
i=1 i=1 7"
= li()‘( —-X)' - lig%ro (n~1/?)
n 4 1 n ) D

From Lemma B.3,
Ty =V +O0y(n?).

For the numerator terms, by properties from Lemma B.1,

1 « s 1 =
VnTi, = %;(Gi—E[Gi]) +%;€i (0; —E[6;])
~Vn(0-E[6])’ —vn (0 -E[0]) €

n

a2 (6; — E[6:])* + 0p(1),

11



Combined with the proof of Lemma B.3, we have

2

1=

fnn:fZ [(6,~E[6))° + &) — v (- E[6])* — Vi + (0: ~E[6]) &

—2\/_(0 E [0 e——Z’2

\/_ Z (6; — >+ o,(1).
Therefore, the numerator is
5\/_T1n — BVnTy +VnTsy
\/_ Z 0; — ) u; + op(1).

Then applying the central limit theorem combined with the denominator, by Slutsky’s

theorem,

\/— (5 6) ﬂ\/_Tl n B\Y{fnTZ,n + \/ETS,TL 4 N(O, E [uz (02‘;2E [01]) } )

C Lemmas and Proofs for Inference

Firstly, for simplicity we abbreviate notations and denote BC,HE as ﬁc, BHE as B , échE
as éi,c, éZHE as §; and Var (0;) as V.

Lemma C.1. Under Assumption 3.2,

% Xn: (éi,c - éc>2 'Ilic %p E [U? (61 —E [GZDQ} .
i—1

12



Proof of Lemma C.1. Combining Lemma C.2, C.3, C.4, C.5, we have

+ BE% ZZ:; (ézc 9c)4
= ; (b —0) (0~ 8)" — 257 ; (6rc—0.)" (6= 0) (s — )

v ; (frc—6.)" (s — )"
n =\ 3

25853 (6= 0) (0= 0) 2853 (61— 0) (- )
=1 =1

+ BS% Z (ézc - 1)4
= BE [(6; — E[0,])"] — 2BE [(6; — E[6:))* wi] +E [(6; — E[0:])* u?]
—28°E [(6; —E[0:])"] + 2BE [(6: —E[6;])° w;] + B*E [(6: —E[6])"] + 0,(1)

=E [u? (6 — E[6,])%] + 0,(1).

Lemma C.2. Under Assumption 3.2,
li (9- —9)4 —p E[(6; —E[6:])"]
n £ i,c c P ) ) .
Proof of Lemma C.2. For any s > 0 and integers k1 > 0, 0 < ko, k3 < 4,

( > E [ X% E[X*]
Pr >s | < < — 0.

ns? - ns?

LSk R[]
=1

13



E [cf19f3] =E [Cfl] E [efﬂ —E [953} . (By Lemma B.1 1f)

For k, = 4, by independence and (8),

[ [abett]| <E(0°[ B [e] =B [00) B | FE el | hoot] + Xt
<E[|#¥[]E [J%Kafnt 3<J3i; 2 3}
:EW?H@%%%KEkﬂ+ErM€?”}Ehﬂ)%O

Then by Jensen’s inequality, for 1 < ks < 4,
[E [chghse] | - 0.

Therefore for 0 < ko < 4,

ko I
o 2 k1 pko—ka =k
-3 (e

So for 0 < ky < 4,

14



Therefore for 1 < k <4, ky > 0,

I
I =
o
N
T o

ﬁ N—— N——

T

=

=

=z

T

-

=

>

Gy

+

&S

—~

[a—

SN—

=1 i=1
k k 1 n k—k1 1 n
- N ki+ko vk
(o) (axes) e
k1=0 =1 i=1
—E |(6: ~E[6)"] + 0,(1)
n n k
! (c X 1 ZcX) (¢; — &)™
n (A (A n . (2 (A (A
=1 =1
k ]{? 1 n k—ky n
_ E ki+ks vk ke
() (5] Iyt
k1=0 =1 =1
k n k—k1 ko n
k 1 _ ko kot | kythott ok
= - Z.Xi _ 2 _ Vitkett xR
S () (aZen) B () e Saes

)
=3 (B) mmr S () o) o)

The above also applies to k£ = 0.

15



Therefore,

n-
=1
n n 4
1 _ _ 1 ) )
T ci (Xi — X) . (ci (Xi_X))>
1 z:Ll 1 ) i—1 )
- n — ciXi — E;CiXi—X(C¢—5)>
1 n 1 n 4 1 n . . 3
T - i X; — ﬁ;CzXz> — 4XE; (CZ'XZ‘ — E;ch’) (c; —¢)
2
_ 1 n _ 1 n B ) . 1 n . 1 . ) _
+6X2g; <Cin‘ — E;CZXJ (c; — 6)2 _4X35i21 (Cz’Xz‘ — ﬁzzlchz> (ci —0)3

n

+X4l2(ci _ ot

Lemma C.3. Under Assumption 3.2,
- > (éz‘,c - 5c>k (0: =) =, E[(6: —E[6:))"] .
[

Proof of Lemma C.3. For any s > 0 and integers k1 > 0, 0 < ky < 4, ko + k3 < 4, by
Chebyshev’s inequality,

.

— 0.

2

LS~ b xtsghs — B [ch gl ) L BlAnXOR] _E (X
n
=1

ns? - ns

16



FOI“OS]’JQSZL, k2+k33§4,
E [ X26]
ko k
— 2 E [Ck10k2—k4+k3€/?4}
k (2 (2 (2
—o \'4
—E [9f2+k3] . (By Lemma B.1 1f)

Therefore, similar to the proof of Lemma C.2,

]
Lemma C.4. Under Assumption 3.2,
1 n ~ =\ 3
- Z:; (0 - Oc) (ui — @) =, E [(6; —E[0:])° wi] ,
1 i N =\ 2 _
- ; (01— 0c) (6:—0) (wi — @) =, E[(6: — E[8)])" wi].
Proof. For any s > 0 and integers k1 > 0, 0 < ky < 3, by Chebyshev’s inequality,
Pr l zn:c’.ﬂ)_(@u, —E {c’?lX,IQUJ >s| < M =0 (9)
n — [ 1 1 1 7 2 = 7’L82 .
For 0 < k3 < 3,
E [cflﬁf‘"’ui] =K [Cfl] E [9?3%] —E [0?314@-} i (By Lemma B.1 1f)

17



For k4, = 4, by independence and (8),

E [chebsend]| < E [|652 E [] = E [|92|] E {%E ey 1 o?) + 20 ”03}
<E[|9Fu?|] E [%Kaer 3(‘]}; D, 3}
B [|65u] (E [%} KE [0!] +E [3 S ”} E [0

Then by Jensen’s inequality, for 1 < kg < 4,
!IE [cflef%f“u?] ’ — 0.

Therefore for 1 < ky < 4,

Therefore,

The second result is shown by combining the proof procedures of Lemma C.3 and the

above. O

Lemma C.5. Under Assumption 3.2,

LS (=) (= 07 >y B i 0~ B9

18



Proof. For any s > 0 and integers k1 > 0, 0 < ky < 3, by Chebyshev’s inequality,
E [Xf]”u?]
Pr >s| < ——————=0.

1 Z clefZU? —E [cflj{fzuﬂ
n < ns
For 0 < k3 < 3,

)

E [C§19§3u?] =K [Cfl] E [95%2} —E [953%2} . (By Lemma B.1 1f)

For k4, = 4, by independence and (8),

 [hoete]| < o] B[] =B o] B [ 18 [ 1 4uof) + 24Dt
<E[|95u?|] E [%KUH 3(‘]}; 2 3}
_E[j¢] (E {%} KE [0!] + E {3("}; 1’] E [03}) S0

Then by Jensen’s inequality, for 1 < kg < 4,
!E [chQfZ‘Ef“u?] ’ — 0.
Therefore for 1 < ko < 4,
E [/ X2u?]
k2 g
-y ( 2)]1«: [ ghaaghey?)
k4
k4=0
—+E [Qf%ﬂ .

Therefore,
1 - A =\ 2 2
- 92 c 00) T U
PICEIONTEL

_ 12 (B = 0) 2+ 0,(1)

—E[(6, - E[8)* u?] + 0,(L).

19



D Lemmas and Proofs for Correlated J;, and al-z

Firstly, for simplicity we abbreviate notations and denote BQHE as Bc, BHE as B , échE
as éi,c, HAzHE as GAZ and Var (6;) as V. We keep the subscripts for those related to HO.
We next define the shrinkage weight

Ci HO = W’

[\

o

)
+ 0;

) i\‘|’“

— X.

g

Sl

Assumption D.1. 1. J; is independent of 0; and u;. J; L € ; | o? . J;>3,a.s.
2. Efu;] =0, E(u;6;) = 0. E[Y}] < o0.
3. Ele;|o?]=0,E[e¢; | o] =07, E [|em~|L | 012] < Kol L >3. Also, ¢;; 1 0;.
4. u; L€ 5]6;.
5. E[0}] < oo.
6. E[0¥?] < oc.

Assumption D.2.

1
n%E [ﬁ} — g3

Remark D.1. Since we assume J; > 3, Assumption D.2 also implies that

1 s [17\**
nE {ﬁ] < <n2]E [ﬁ}) = O(1). (Jensen’s inequality)

% A

Lemma D.1. Under Assumption D.1, Assumption D.2, we have:

20



1. Properties of €, X;, 62, ¢, Ci,HO:

For any integer ky € {1,2}, ko > 1, we have

(f) &> =1+0,(n"?), and E [ci.”] =1+ 0(n"?).
(9) Cz o = 1+ Oy(n “2) and E [Ci%o] =1+0(n"1?).
2. Properties of sample moments of €, c;, 8;, ¢ino-

For any integer ky > 03, 0 < ky < 2, and ks, k4 € {0,1}, we have
1 n
S3 (0 - KE[B)" = E [(6 — kE[0)] + 0,71,
et
1 n
- Z (0, —E[0,]))" & = 0,(n"V/?),
n <
—Z £~ kB [0]) & = O, (n""/2).

And similar results hold for c; mo.

3. Properties of sample means of 0;, X;, 62:

(a)  =E[0;] +O,(n~"?).
(b) X = E[@Z] + O,(n=1/?).
(¢) 7311 3,07 = Op(n1?)
4. Properties of sample moments of €, ¢;, u;,¢; Ho:

For any integer k > 0, we have

3For statements like this, if ¥ = 0 is on the exponent, it means that the term is 1.

21



(a) 531 ciui = Op(n~'72).
(b) 3 301y cluiei = 0,(n1/?).

And similar results hold for ¢; no.

Proof of Lemma D.1. Below we take any s > 0,

A

1. Properties of &, X;, 62

i 07,.

(a) By Markov’s inequality,

@ ViE[3o] yE[F]ElY

2

IN

Pr (n1/4 & > s) < \/ﬁi

S

Since nlE [%] — K2, we have & = O,(n~1/4).

E[ef] =E [%f] <4/E {%} E[o}] — 0,

combined with the Cauchy-Schwarz inequality, we have the rest of the

Since

results.
(b) This follows from la.

(c) By Markov’s inequality and (8),

1

Ve (62— ot] _aym o] _24y/n8 [y B

Pr (nl/ﬂ&? —02-2‘ > s) <

52 52 52

Due to Assumption D.2, we have 62 = o2 + O,(n~'/4).

Also,

(2

E [(&3 - 03)2} <9E {?a‘l} < QK\/IE le ] E[0%] — 0,

combined with the Cauchy-Schwarz inequality, we have the rest of the

results.

22



(d) We have

E

1 \? 1 (Kob
()] -=[ (5 )] o

(e) From Theorem 2 of Angelova (2012), the fourth moment of 67 is

Opus(pa — 13) | 4 32 — 18puapd — 2442415 + 23414
B[(69)" | o] = i+ B0 1) e = 1k = VSyay = 2 + 200

T, 72
I Aptopie — 24ps s — 3pi + T2puap13 + 965110 — 865
7
| A(Gusps + 6y — 39papis — 40p3 o + 4505)
B — 1)
. 4(B6uapis — Bpis i + 52435 — 61p13)
T3, —1)2

N 813 — Gpapsy — 12050 + 1515)

B — 1) :

where g, k = .,8 are the k-th raw moments of ¢;; | 02. By Assump-

tion D.1.3, we have . < Kok for some constant K. By the law of iterated

expectations and Assumption D.2, for the first term we have

JE [ﬂ 1 < \/nIE [%} E [019] < \/nE [%} E [016] - 0.

For the rest of the terms, we have the same result. Therefore,

(%&3)1 = o(n"1/?).
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(f) By the mean value theorem,

ko
ko _ 4
7,9

1, hko(ka+1) 1 1 o
=1— 2 2
kQVJiUZ " 2 (1+ Wi)k2+2 V2J? (UZ) ’

where w; is between 0 and —a . Therefore,

[VRE [1 - ]| < 2/ ["_2]

Ll >\/_IE{ (g +§oj)} (By (8))
s%?%ﬁ[]nE{}}

+%V;”>\/E[ f1nE | )

. W\/ E [0] nE [%} (Canchy-Schwarz)
— O(1) + o(1) + o(1) (By Assumption D.2)

Then we have the second result. By Markov’s inequality, we have the first

result.

(g) The proof is similar to 1f. By the mean value theorem,

ko
o 14

o = | — g
v 4 2ol

E[02] ks (ko + 1) 1 E [02]?

2

=1—-k .
2 v, + 5 (1+ >k2+2 V2J2

It is easy to see that the rest of the proof is similar to 1f.
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2. by Chebyshev’s inequality (ks can be replaced by ky),
l - k1 ) T1\ke2 k1 . 1\k2
Pr <\/ﬁ . ;c (6~ KE[8.])" — E e (6; — k:E[8])"]
E [ (0 — KE[B)™] B (6 - ksE[6)™]
<

)

<

52 52

n

1
— Z Cfl (0, — k?gE [(91])k2 Ei —E [C?l (9, — k‘gE [02])k2 EZ‘:|
n

=1

Pr (ﬁ

) E [C?kl (0; — ksE [6:])% gg] E [(@—lng 6:]) } E H E[o}]

I%Q@%i}?@—%E [0,])" & — E[ w—@mm)2]>%
) E [cf’“ 6, — ;31[-«: [6,])%* 5;4]
E [0 ko] (/£ [] el VE[47] Bl »
Meanwhile,

\/_IE[ 1 (0; — ksE[6,))F } ViE '] E [(9-—1631@[6’1-])'”]
= v/nE [(91‘—74331*3[91‘]) ]+O(1)7 (By 1f)
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3.

by the mean value theorem (k4 = 0) and (8),

|VnE [¢f'&]| <0+ \/_IE[ aez}

e g o
(TSl
slvjl \/ JRE J4 }ﬁ@ H(ﬂ] (Cauchy-Schwarz)

—0(1)-O(1) +o(1) - O

where the last step follows from Assumption D.2 and le,

by the independence in Assumption 3.1.3 (k4 = 1),

E [Cfl ((9@ —E [91]) Ei] =K [E (C;Cl (91 —E [Qz]) €

and also by Assumption 3.1.3,

‘\/m: [c;ﬂ (6, — ksE[0:])™ -2}

<E[|(6: - E[0))

k2 } \/mE {%} E[o4],

where nE [%} = O(1). Therefore we have the results. For ¢; no, the proof is

similar.

(a) Follows from the finite fourth moment and the inequality below for any

s >0,

E [67]

52

Pr(|vn (6 —E[8))] > s) <

(Chebyshev’s inequality)
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(b) Follows from the property of # and the second property of 2:
X =0+e=RE[]+0,(n"?) 4 0,(n"V?) = E[0:] + O,(n"V?).

(c) By Chebyshev’s inequality and (8),

and also
1, 1 A
VRE | =67 | < [nE || Eof] = O(1)
J; J;
Thus
R ,
ﬁ 10'2 Op(n 1/2).

(a) Since u; L €;; | 6;, by Chebyshev’s inequality,

IS E[c¢?*u?] _ o2
EZciui >s | < T < —=
=1

Pr <\/ﬁ

Thus

n

1 ko ~1/2

EZCiUZ_Op(n ).
=1

(b) By Chebyshev’s inequality,

E [2k28 > 1
>5> B A E[_}E[o—%o.

52 - g2

n

1 b
- C; Ui€;
n

=1

Pr <\/_

Thus

1 n
k, - ~1/2
— E Fugé; = o,(n?).
i
1=

27



For ¢; no, the proof is similar.

Lemma D.2. Under Assumption D.1, Assumption D.2, we have

n n
1 Z : 1
2.2 24 .90 —1/2
— ce-z—g C;—=0; + 0,(N .
n 4 71 n 4 7,(]7: 1 P( )
=1 =1
For ¢; no, the result is similar.

Proof of Lemma D.2. First, notice that the difference

Ji

1 1 1
2 1.2 2 2 22
€; Jiaz €; Ji(Ji—l)jZZ;EZ’]+Ji—1EZ
J, 2 J,
1 : 1 :
L@—U<ZEJ A =PIt

2

k<j

Then the properties of the difference are

]E{g?—l

Jﬁ}z&

where w; is between 0 and 467, Therefore,
1
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Since we have Assumption D.2 and that
1 . o\4
\/E]E F (0'1) — O,

from Lemma D.1.1e, the above converges to 0. Thus, the expectation

1
JiE [cg (eg _ 7&3)} S0,

29
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Next, we show the convergence to expectations by Chebyshev’s inequality:

IS of2 1. of2 1.,
- 2 (2 _ —52) _E |2 (&= =&
n ZZI CZ <€Z JZ 0-7, > |:CZ 62 JZ O-’L
E | (&2 102 E | (e 1 -2)? 204
efee-s] _=[e-10] sl

Pr <\/_

— 0.

52

And the proof for ¢; is complete.

For ¢; 1o, the proof is similar. O

Lemma D.3. Under Assumption D.1, Assumption D.2, we have
V=V+0,n1?).

Proof of Lemma D.3. By Lemma D.1,

ol e, _ -1 1.,
V=—Y (- X) - Zjﬁf

=1 i=1
= li(e'—E[e'])2+l Y & — (0—E[9-])2—€2+2i(9~—ﬂ£ 0
n =1 Z ’L n =1 l ’L n =1 Z
L
=1
=V+ Op<n_1/2) + Op(n_l/Q) Op(n™") —0p(n™") + Op(n_1/2>
—0p(n"") = Op(n"1?)
=V 4+ 0,(n"?).

-2(0—-E[6;

Lemma D.4. Under Assumption D.1, Assumption D.2, we have
Viio =V + 0,(n"%?).

Proof of Lemma D./. By conventional law of large number and central limit theorem
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arguments,

n

A 1 _ _ _ _
Vho =~ (X1 = %) (Xo; — Xo)

=1

=V + Op(n*1/2)

[]

Proposition D.1 (Proposition 3.4). Suppose the asymptotic framework satisfies As-

sumption D.2. Then under Assumption D.1 we have

Vi (5= 8) san (O’ E [uf (0 —wa}) |

V2

Proof of Proposition D.1. Based on a similar set of lemmas to Appendix B, the claim

follows from the same arguments as in Theorem 3.3. O]

Proposition D.2 (Proposition 3.2). Suppose the asymptotic framework satisfies As-

sumption D.2. Then under Assumption D.1, there exist cases where

5 E[u?(0;—E[6:])]

Var (6;) (Var (6;)) )

ﬁ(BHO_ﬁ> —a N(
Proof of Proposition D.2. For the shrinkage weight

MO T IR + V)

T i

we first show properties of the regression coefficients BAHO,C, and then show that
Vv <5Ho - 5) —p VN (5Ho,c - 5)-
For BHO,C, based on a similar set of lemmas to Appendix B, from the same

derivation as the proof of Lemma 3.1, we have

NG (BHO,C B 5) _ BTy, — BéﬁT2,n + \/ﬁTz’),n’

where the denominator
Tgm = V + Op(n_1/2),
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and the numerator

ﬁ\/ﬁTl,n - 5\/ﬁT2,n + \/ET?),n
1

_ % z:; [m,Ho (0; —E[6:])* — Beluo {(91- —~E[6:])° + —&?} + cino (0; —E[6;]) U] +0p(1)

&

- % ; [BC@HO (0, —E[6:])" - B¢ o [(92 —E[6:))” + %E [Uﬂ} + cino (0 — E[6;]) U’z:|

1 n
~3 3o (B [oT)) + o)
1 « 1 — )
- RY6-4, ;CZ%HO\/T? (62~ E[07]) + 0,(1).

For &, similar to Lemma 3.1, we have E[&] = 0, E[¢?] — E [u? (6; — E[6,])*]. How-
ever, the second term of the numerator might not disappear.

Next, following from the same arguments as Theorem 3.3, we have \/n (BHO — B) —p

vn (BHO,C - 5)-

Now, focusing on the bias term, by Chebyshev’s inequality and (8), for any s > 0,

LS o (6~ B[of]) B[ oY (6 - [07])]

$HO ™
KA

Suppose with equal probabilities, 07 = 127V, J; = [2y/n] or 07 = 8V, J; = [3y/n],
~v > 0. Then we have

1
e H ~

DN | —
~—~
[\
3
S~—
Do
[\
—
win
3
SN—
no
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2 Vo n V vn
~ol 0 Ty o T 2 WV
e TV atViEvn

— —V.

Then by the continuous mapping theorem, in this case we have

[u? (0; — E[0:])°]

\/E(BHO_B) —d N(Vﬁ,E 72 ),

which proved the first result of the theorem.

To prove the second result of the theorem, it suffices to show that if ¢ and J;

are independent, then

1 Zn s VN 2
— < ~y °_ K |og° = 1).
n — CZ,HO Jz (01 [01]) OP( )
Since ¢; no only depends on J;, by the independence, the expectation

B |0 (2 -2 [0)| =0

< i
< 2
Ko 2
E |5 (52 + (2 —E[03])’)]
< ' -0,
S
which proves the second result of the theorem. O
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